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lim d(xn, N) = + oo. Let zn = xn/d(xn, N); it is immediate that d(zn, N) = 1,
n-*oo
and therefore there is tn e N such that \\zn — tn\\ < 2. Let sn = zn — tn, and
observe that by definition we have v(sn) = z?(zn) = v(xn)/d(xn, N), and
J^, N) = 1. From the assumptions we deduce at once that lim v(sn) = 0.
rt-*oo
But the sequence (sn) is bounded in E; as u is compact, there is a subsequence
(sn)) such that (u(snj)) converges to a point a 6 E. As lim (sn — u(snj) = 0, we
n-+<x>
also have lim snk = a, hence, as x -> d(x, N) is continuous, rf(<z, N) = 1. But
n-*oo
*;(#) = lim v(snj) = 0, and this contradicts the definition of N.
fc-»oo
We therefore can suppose that the sequence (d(xn, N)) is bounded by a
number M — 1; there is then a sequence x'n such that xn — x'n e N and
\\x'n\\ ^M; as v(x'n) = v(xtt), we may suppose that \\xn\\ ^ M. Then as u
is compact there is a subsequence (xnk) such that (u(xnj) converges to a
point b e E; as xnh — w(xnfc) = f(^cMk) tends to y, (xn}) tends to b + >> and by
continuity we have v(b +y) = y9 which proves that y e v(E), hence i<E) is
closed.
 (c)	To say that v(E) has an infinite codimension in E means that there
exists an infinite sequence (#„) of points of E such that an does not belong to
the subspace Vn_i  generated by v(E) and by <xl, ...,#„„!  for every n.
Now each Vn is closed since v(E) is closed (using (5.9.2)). By (11.3.1) we
can define by induction a sequence (bn) such that bneVn,bn<£ Vw_1? \\bn\\ ^ 1,
and \\u(bn) — u(bj)\\ ^ -J- for any j ^n — 1. This implies that the sequence
(u(bn)) has no cluster point, contradicting the assumption that u is compact.
 (d)	In order to prove that v is a homeomorphism of E onto v(E) when
u""1^) =5 {0}, it is only necessary to show that for any closed set A c E,
v(A) is closed in E (hence in v(E)) (3.11.4). But this is proved by exactly
the same argument as in (b), replacing throughout E by A (and N by {0}).
(11.3.3) Under the same assumptions as in (11.3.2), define inductively
Nx = v~\0), Nk = tT'OVi) for k>l,F1= i;(E), Ffc = v(Fk.,) for k>\.
Then:
 (a)	The Nft form an increasing sequence of finite dimensional subspaces,
the Ffc a decreasing sequence of finite codimensional closed subspaces.
 (b)	There is a smallest integer n such that Nfc+1 = Nfc for k^n\ then
Ffc+1 = Ffc for k ^ /?, E is the topological direct sum (Section 5.4) ofFnand Nn,
and the restriction of v to FM is a linear homeomorphism of Fn onto itself.
(a)    Define by induction v^ =v.)vk = vk^1°v;I claim that vk = 1E — uk,

